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Abstract

In this paper, in order to evaluate the performance of a Decision Making Unit (DMU) in a Production Possible Set (PPS)
with Constant-to-Scale (CRS) technology, we provide models to obtain nonnegative weights for inputs and outputs which
for the weights, the number of which DMUs for each one its virtual output does not exceed (is less than, if any) its virtual
input be maximum, provided that for DMU under evaluation, the virtual output will be equal to the virtual input and the
virtual input will be positive. We call these weights the relatively best weight (the relatively strongest weight, if any) for the
DMU under evaluation, and if all the weights are positive, we call them the best weight (the strongest weight, if any) for the
DMU under evaluation. Also, we define efficiency and strictly efficiency (strongly efficiency), respectively, as the ratio of the
number of DMUs for each one for the relatively best weight and the best weight (the relatively strongest weight); its virtual
input does not exceed (is less) its virtual input, to the total DMUs. The relatively best weight in input-oriented (the relatively
strongest weight, if any) indicates the normal vector of a surface in the PPS with CRS assumption that the DMU under
evaluation is on the surface and the maximum number of which DMUs their performance is no worse than (is better than)
the DMU under evaluation separate from the rest of DMUs, with the constraint that the virtual input be positive. Accordingly,
it can be interpreted the rest of the definitions of non-negative weights for inputs and outputs based on separation
hyperplanes. Also, in this paper, we present the relationship between these definitions of efficiency with efficiency in the
DEA models with constant returns to scale assumption.

Keywords: Data envelopment analysis, Efficiency analysis, Separation hyperplanes.

1| Introduction

The CCR Charnes et al. [1] ratio form of Data Envelopment Analysis (DEA) obtains nonnegative weights

for inputs and outputs by maximizing the ratio of virtual output with to virtual input, provided that the ratio
does not exceed one for each Decision Making Unit (DMU) [2], [3]. Applying the Charnes and Cooper [4]
theory of fractional programming, we can convert the CCR ratio form to the CCR multiplier form. The CCR
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multiplier form obtains negative weights for inputs and outputs by maximizing the virtual output, provided
that the virtual output does not exceed the virtual input for each DMU and the virtual output is equal to one.

Now, if in the CCR multiplier form, we teplace constraint "the virtual output of DMU under evaluation equal
to one" with "the virtual output of DMU under evaluation greater than zero", then we can say that the derived
CCR multiplier form obtains the nonnegative values for the input weights and the output weights by
maximizing the virtual output, provided that the virtual output does not exceed the virtual input for each
DMU and the virtual output be greater than zero.

In other words, the derived CCR multiplier form obtains nonnegative weights for the inputs and the outputs
of the DMU under evaluation by maximizing the income resulting from the outputs of the DMU, provided
that the income resulting from the outputs of each DMU does not exceed the cost resulting from the inputs,
and the cost resulting from the inputs of the DMU under evaluation be positive. Thus, the derived CCR
multiplier form evaluates DMU under evaluation in the best conditions.

In this paper, with respect to one's inspiration from the derived CCR multiplier form, to evaluate the
performance of a DMU in comparison with a set of DMUs, we obtain nonnegative weights for inputs and
outputs which for the weights, the number of which DMUs for each one its virtual output does not exceed
(is less than, if any) its virtual input be maximum, provided that for DMU under evaluation, the virtual output

will be equal to the virtual input and the virtual input will be positive.

In other words, we are going to obtain negative weights for the inputs and the outputs of DMU under
evaluation per weighs, the number of which DMUs for each one its income does not exceed (is less than, if
any) its cost be maximum, provided that for DMU under evaluation, its income will be equal to its cost and
cost resulting from the inputs of the DMU will be positive [5]. We call these weights the relatively best weight
(the relatively strongest weight, if any) for the DMU under evaluation, and if all the weights are positive, we
call them the best weight (the strongest weight, if any) for the DMU under evaluation.

Also, we define efficiency and strict efficiency (strong efficiency), respectively, as the ratio of the number of
DMU s for the relatively best weight and the best weight (the relatively strongest weight); those virtual inputs
do not exceed (is less) those virtual input, to the total DMUs [6]. The relatively best weight (if any, the
relatively strongest weight) indicates the normal vector of a surface in the Production Possible Set (PPS) with
returns to scale constant assumption that the DMU under evaluation is on the surface and the maximum
number of which DMUs their performance are no worse than (is better than) the DMU under evaluation
separate from the rest of DMUs [7], [8]. In this paper, we present the relationship between these definitions
of efficiency with efficiency in the DEA models with constant returns to scale assumption [9], [10].

2| Preliminaries

Suppose we have n = 2 peer observed DMUs {DMU;:j = 1,2, ...,n } which produce multiple outputsy,;, (r =
1, ...,s), by utilizing multiple inputs x;;, (i = 1, ..., m).The input and output vectors of DMU;j are denoted by x;
and yj, respectively, and we assume that x; and y; are semipositive, i.e. x; = 0, x; # 0and y; = 0, y; # 0 for
i=1,..,n. We use by (x;,y;) to descript DMUj, and specially use (X,, ¥o)(0€{1,2,...,n}) as the DMU under
evaluation. Throughout this paper, vectors will be denoted by bold letters.

2.1| The Charnes, Cooper and Rhodes Model

The production set P, of the CCR model [1] is defined as a set of semi-positive (x,y) as follows:

P = (xy)|x>z ]&y<z7\,y]&7\] 0j=1.,n

=1

where (A4, ..., A,) is a semipositive in R". The input-oriented CCR model evaluates the efficiency of each DMU,,
by solving the following linear program:
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0" =minb,

NgE

Axj < 0x,(a),

1=

n
z Ajyj =y, (b),
=1

A=0, j=1,..,n,

=

s.t. )

where 0 is a scaler. Because x; and yj are semipositive for j = 1,2,...,n,08" > 0. Also since (8,A = (A, ..., A,)
is a feasible solution to Model/ (1), where 8 =1, A;=0( #0),A, =1, then 8" <1. Thus 0<08" <
1.8"represents the input-oriented CCR-efficiency value of DMU,,.

Definition 1. (Radial efficiency): The performance of DMUj, is radial efficient if and only if 6" = 1.

The dual problem of Mode/ (1) is expressed as:

z* = max u'y,
t, _
V'Xo = 1, (2)
s.t. uty]- < Vtx]-, j=12,..,n.
uz=o0,v=o0,

where veR™ and ueR® are row vectors and represent dual variables corresponding to (a) and (b),

respectively.From strong duality theorem 8" = z* | thus 0 <z" <1
2.2| The Two Phases of the Charnes, Cooper and Rhodes Model

The two-phase process for the CCR model evaluates the efficiency of DMU, by solving the following linear

program:

m S
min G—E(ZSF+ZS{!’),
i=1 r=1

n
Z?x-x-- +s{ = 0x; i=1,..,m(c)
1) 1 10 » ) ) )
j=1 3

s.t. n
Z )\erj - SI-"- = Yro- r=1,..,s(d),
j=1

A= 0,s7 20,5 20, forall jforall i,forall r,

where € > 0 is the non-Archimedian element. The presence of a non-Archimedean element, €, in the function
of Model (2) effectively allows the minimization over 8 to preempt the optimization involving the slacks

s =(sT,.,sm)st =(st, ..., sd).
Definition 2. (CCR-efficient). The performance of DMU, is CCR-efficient if only if an optimal solution
((6%,1%, 5™, s**)of the two-phase Mode/ (2) satisfies 8* = 1,s™ = 0,s** = 0.

The dual multiplier form of the program Mode/ (2) is expressed as:

max u'y,

vix, =1, @)
s.t. u'y; < vi;, forall j,
u=1lgv > 1e
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Definition 3. The performance of DMU, is fully efficient if only if an optimal solution (u*,v*) of Mode/ (2)
satisfies u'y, = 1.

Theorem 1. The CCR-efficient given in Definition 2 is equivalent to that given by Definition 3.
Proof: See [11].

Definition 4. (Reference set) reference set of DMU, denoted by E, is defined as:

E, = {DMU]-|je{1, ...,n}&)\;‘ > 0 insomeoptimalsolution(8*,1*, s, s**) of model (3)}.
Theorem 2. The DMUs in E, are CCR-efficient.

Proof: See [11].

Definition 5. (Extreme CCR-efficient) DMU, is extreme CCR-efficient if only if E, = {DMU,}.
Theorem 3. If DMU, be extreme CCR-efficient, then DMU, is CCR-efficient.

Proof: See [11].

Theorem 4. DMU, is extreme CCR-efficient if

min 0—¢ Z A
Z }\]X] < eXol
- (%)

=1
s.t. =
Z Ay 2 Yo
j=1

A =0, for all j.
Has an optimal objective function value of one.

Proof: Let DMU, not be extreme CCR-efficient. Then, there exists an optimal solution (8*,1%,5*7,s**) of
Model (2) such that a A{ > 0(j # o). Also, since (8,A = (A, ...,A,)) is a feasible solution to Mode/ (4), where

8 =1,4=0( # 0),A =1, thus 8" < 1. Therefore 8" — € ¥.,A"j; < 1. Let the solution objective function
value of Mode! (4) be less than one, and let (é, 7\) is an optimal solution of the model, then either B<lorh=
1 and ij)’:] > 0). If § < 1, DMU, is not extreme CCR-efficient. If 8 = 1 and Zjioi; > 0, then either

(37,8%) # (0,0),
Or
(37,8%) = (0,0),

where

57 = X1 Ay — Vo

If (37,8%) # (0,0), since (é,?:§_,§+) is a feasible solution of Mode/ (2), thus DMU, isn't CCR-efficient,
therefore DMU, is not extreme CCR-efficient. If (57,5%) = (0,0), then either (G,X§_,§+) is an optimal
solution of Model (2) or isn't. If (8,X,57,5%) be an optimal solution of Moade/ (2), since XL, A; > 0, thus DMU,
is not extreme CCR-efficient. If (8,1,57,5%) not be an optimal solution of Mode/ (2), then there exists an
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optimal solution (8,1, s*7,s**) of Mode/ (2) such that 8* = 1 and (s*7,s**) # (0,0), thus DMUj, is not extreme
CCR-efficient.

3 | Efficiency Analysis of Decision Making Units-based Separation
Hyperplanes in Production Possible Set with Constant-to-Scale
Technology

Definition 6. Let A, € R™*S be

Ac = {(u, V) [ueR3&veR™&(u, v) = (0,0)}. (6)
We define a map

f.: Ac = NU{0}.

By

fe(u,v) = |{DMU; |je{1,2, ..., n}&v'x; = u'y;}|, )
where symbol | .| is the cardinality of sets.

Definition 7. We define a map

gc:Ac » NU{0}

By

gc(u,v) = |{DMU;|je{1,2, ..., n}&v'x; > u'y;}|, 8)
where A, is defined by Mode/ (6).

Definition 8. Let (u,, v,)eA.. We say (u,, V,) is a relatively best weight in A, for DMU,if

VE)XO = uE)YO&uE)YO >0,

and
forall (u,v)((u,v)eA.&uty, > 0 &v'x, = uly, = f.(u,,vo) = fc(u,v)).
Definition 9. Let (u,, v,)eA.. We say (u,, Vo) is the best weight in A for DMU,if

VSXO = uE)Yo&(uo'Vo) > (0,0),

and
forall (u, V)((u, v)eA&(u,v) > (0,0)&vix, = uty, = f.(u,,v,) = fe(u, V)).
Definition 10. Let (u,, vo)eA.. We say (u,, Vo) is relatively strongest weight in A, for DMU, if

V(t:)Xo = utC:)YO&uE)YO >0 &gc(uo: Vo) =1,

and

forall (u,v)((u,v)eA&uly, > 0&v'x, = uly, = gc(Uo, Vo) = gc(u,v)).

Definition 11. Let (u,, vo)€eA.. We say (u,, Vo) is the strongest weight in A, for DMU,if

V(t)Xo = uf)Yo&(uo'Vo) > (0,0) &gc(uo'vo) =1,

and
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forall (u,v)((u,v)eA&(u,v) > (0,0)&v'x, = u'y, = gc(Uo, Vo) = gc(u,v)).
Remark 1. Since xj and y; are semi-positive, it follows

21§=1Yro > O:Zin;lxio > 0.
Now if Y5_1Vro = X241 Xjo, then, by taking vt = (1, ...,1)eR™, and u* = (1, ...,1)€eRS, we have

vix, — uly,,uly, > 0,u > 1g,v > 1e

If Y321 Vro > 2z Xjo, then, by taking

o = (Z§=1 Yro/zm

m Xio),ut = a(l,...,1)eRS,

and,

vt =a(1,..,1)eR™,
We have

vix, — uly,,uly, > 0,u > 1g,v > 1e.

Finally if }'3_; ¥ro < 221 X0 then, by taking

m

B = ( i=1Xio s )

ZI‘ZIYI'O ’
ut = B(1,...,1)eRS,
and
vt =B(1,...,DeR™,
We have
vix, — uly,, uly, >0, u>1g, v le.
This shows that there is not any relatively strongest weight in A, for DMUj,, if
forall (u,v)((u v)eA&uly, > 0&v'x, = u'y, = g.(u,v) =0).

Also, there is no strongest weight in A, for DMU,, if

forall (u,v)((u,v)eA &(u,v) > (0,0)&v')x, = u'y, = g.(u,v) = 0).
Definition 12. (A -efficiency) If (u,, v,) be relatively best weight in A, for DMU,, then

Ac-efficiency of

DMU0: fc(uO'VO)
n
Definition 13. (A -efficient) DMU, is said to be A-efficient if Ac-efficiency of DMU, = 1.

Definition 14. (Strictly A -efficiency) If (u,,V,) be the best weight in A, for DMU, then strictly

Ac- Cfﬁciency = M'

Definition 15. (Strictly A.-efficient) DMU, is said to be strictly A.-efficient if strictly A.-efficiency of DMU,
=1
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Definition 16. (Strongly A -efficiency) If there is a (u,, v,,) relatively strongest weight in A, for DMU,,. Then,
strongly

Ac-efficiency = %

Definition 17. If there is not any relatively strongest weight in A, for DMU,, then strongly A.-efficiency =0.

Definition 18. (Strongly A-efficient) DMU, is said to be strongly Ac-efficient if strongly A.-efficiency of
DMU, = 1.

Proposition 1. Let (T, V) be relatively best weight in A.for DMU,, and let (@, V) > (0,0). Then (T, V) is the
best weight in A, for DMU,,.

Proof: If (7, ¥) not be the best weight in A, for DMU,, then by Definition 4, there is some (1, ¥)eA, such that

(@, %) > (0,0), ¥'x, = di'y,,

and

fo(U,v) < f.(4,9),

Thus, since x; and y; are semi-positive, @iy, (= ¥'x,) > 0. Therefore, noting that (T, ¥) is relatively best weight
in A, for DMU,,. f.(1,¥) = f.(T, ¥) which is in contradiction with the fact that f.(, V) < f.(T, 7). Thus (4, V) is
the best weight in A, for DMU,,.

Proposition 2. Let (U, V,) be relatively strongest weight in A, for DMU,, and let (u,,v,) > (0,0). Then
(u,, Vo) is the strongest weight in A, for DMU,,.

Proof: Similar to the proof of Theorem 2.

Theorem 5. Let (1, ¥) be relatively best weight in A, for DMU,, let p = f.(4, V)

{DMU-

J17°

., DMU; } = {DMU; |je{1, ..., n} &¥%x, = Ty}, (ay).
Letand let t = (t,, ..., t,) with
_ { 0 Jje{jn iph
t]' =
1

JelL, o0} = {ig, e ip)- @)

Then (4, ¥, t) is an optimal solution for the following model

n
min Z £,

vix, —u'y, =0, uly, > ¢ (&)
s.t. vixj—u'y; + Mt; =0, forall j, (M > 0)
u=0, v=0, tje{0,1}.

If (4,7, t) be an optimal solution of Mode/ (9), then (1, ¥) is a relatively best weight in A, for DMU,,.

Proof: Since (T, V) is a relatively best weight in A, for DMU,, then, by (a;) and (a,), (W, V,t) is a feasible
solution to Model (9). Also, since (1, %, ) is an optimal solution for Mode/ (9), we have

n n

Therefore
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f.(4,v) = f.(4,v),
and

f.(4,9) < f.(4,v).

Since (4, V) is relatively best weight in A, for DMU,. Hence,

f.(4,¥) =f.(4,v¥) =n— Z]n:lfj =n-— Z]n:lfj.
Thus, (7,7, t) is an optimal solution to Mode/ (9), and (1, ¥) is relatively best weight in A, for DMU,,.

Theorem 6. Let (T, ¥, t) be an optimal solution for the following model

n
min Z tj,
=1
vix, =1, uly, =1, (10)
s.t. v'x;—u'yj +Mt; =0, forall j, (M > 0)
u=0, v=0, tje{0,1}.

Then, (T, V) is relatively best weight in A, for DMU,,.

Proof: Let (@i, ¥) be relatively best weight in A, for DMU,, let p = f.({, ¥) with

{DMU-

J17 "

.,DMU; } = {DMUjj€(1, .., n}&¥'x, > iy, }
Then

¥, = dty,, oy, > 0,

and

Sty _ ~to P
Vx;, uy]iZO,l—l,...,p.

So that, by taking k = ii'y,, G = ﬁ/k, and ¥ = ‘N’/k, we have
(@,9) = (0,0), 9%, = 0%, =1,9%; —@'y;; 20, i=1,..,p. (az).
Thus (4,9, f) is a feasible solution for Mode/ (10), where t = (t,, ..., t,,) with
. _ { 0 jefis, nip}
ol et o} =y ip )
Therefore, (4, ¥, t) is an optimal solution for Eg. (70),
Hence
fc(ﬁ, ‘7) S fc(ﬁ' \_7) (34)1
by
(ag), p < £c(0,9).

Thus, since (i, ¥) is relatively best weight in A, for DMU,,

p = fc(4,9) = f.(4,9). (as).
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Also, since (f, V) is relatively best weight in A, for DMU,, we have f (@i, ¥) = f (T, ¥), then, by (a3), (a,), and
(as), f (&, ¥) = . (0, ¥), Thus (T, V) is relatively best weight in A, for DMU,,.

Corollary 1. Let (U, ¥, t) be an optimal solution of Mode/ (10), then

f(@¥) _ n-Yjf
= =]

Ac-efficiency of DMU,=

Proof: Theorem (6).
Corollary 2. DMU, is A -efficient if and only if the optimal objective function value of Mode/ (10) is zero.
Proof: Theorem (6).

Corollary 3. If there is some optimal solution (T, V, t) for Mode/ (10) such that (7, ¥) > (0,0), then (T, V) is the
best weight in A, for DMUL,,.

Proof: Proposition 1 and Theorem (7).

Corollary 4. If there is some optimal solution (U, v, t) for Mode/ (10) such that (1,v) > (0,0), and };-; t; = 0,
then DMUj, is strictly A -efficient.

Proof: Proposition Tand Theoren (7).

Theorem 7. Let (&, ¥, t) be an optimal solution for the following model

n
min Z tj,
=1
vix, — u'y, =0, (11)
s.t. v'x;—u'y; + Mt; >0, forall j, (M > 0)
u=1gv = 1, te{0,1}

Then (@i, ¥) is the best weight in A, for DMU,,.

Proof: First, let us show Mode/ (17) is feasible. Since x j and yj are semi-positive, it follows that
Yi=1Yro > 0, XiZ; Xjo > 0.

Now, if Y31 Yro = Xin1Xjo, then, by taking v' = (1, ...,1)eR™, and u* = (1, ...,1)eR®, we have

vix, — uly,, u=1g, v=1e

If
p=1Yro > Xi=1Xio»

Then, by taking

o= (Z§=1 Yro/zm

), ut = a(l,...,1)eRS,
i=1 Xio

and

vt =a(l,...,1)eR™,

we have

vix, — uly,, u>1le, v>le.
o o

If



Efficiency analysis of DMUs based on separation hyperplanes ... 126

s m
E Yro < E Xjo»
r=1 i=1

Then, by taking
— 221 Xio/
6

and

)3 ut = B(]" ""1)ERS>
=1Yro

vt =B(1,...,1)eR™,

we have

v, — uly,,u>1g, v 1e

Thus (u,v, t), where t is defined by (a;) and (a;), is a feasible solution for Mode/ (11).

Let (U, V) be the best weight in A, for DMU,, let p = f.(U, V), and let

{DMU-

J1’ "

..,DMUjp} = (DMU; [je(1, ..., n}&¥'%, > Ty, )},
Then

(@,7) = (0,0), v'x, = U'y,, v'x;, — 'y, 20, i=1,..,p.
Taking

k = min {ﬁtyo, mrin{ﬁr} , miin{\_/i}},

We have

@) 2 k(1,1), %%, = U'y,, 'y, =k(>0),v'%;, —u'y;, 20, i=1,..,p.

Thus (4,7, 1), where t is defined by (ay), is a feasible solution for Mode/ (11), and since (1, ¥, ) is an optimal
solution of Mode/ (11); therefore,

n— Zj“=1f]- =n—YL

Hence f (4, %) = f.(T, V). Also f (1, ¥) < f (4, V), since (4, V) is the best weight in A, for DMU,. Thus
f.(4,v) = f.(U,v) =n — Z]p:1 tj=n- Z]-nzlfj.

Then it follows that also (@, #) is the best weight in A, for DMU,, and (4, ¥, ) is an optimal solution of Mode/

(11).

Theorem 8. Let (G, ¥, t) be an optimal solution for the following model

n
min Z £,

j=1
vix, — uly, =0, (12)
s.t. vixj—u'y; + Mt; =0, forall j, (M > 0)
u=1,v=1, tje{0,1}.

Then (@i, ¥) is the best weight in A, for DMUL,.
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Proof: Similar to the proof of Theorem 5.
Corollary 5. Let (U, V,t) be an optimal solution of Mode/ (12), then strictly

fo(@y) _ n-Yj
- n

A-efficiency of DMU,=

Proof: Follows from Theoren (8).
Corollary 6. DMU, is strictly A -efficient if only if Mode/ (12) has an optimal objective function value of zero.
Proof: Follows from Theoren (8).

Theorem 9. Let (G, ¥,t) be an optimal solution for the following model

min Z t,

j*o
vix, — uly, = 0,vix, > ¢, 13)
s.t. Vi —u'yj+ Mt =g j#o, (M > 0),
u=0, v=0, te{0,1},j # o,
where

f = (fl' ""fo—l'fo+1) ""fn)-

If ¥jzotj <n—1, then (&, V) is a relatively strongest weight in A. for DMU,, but if Y., = n — 1, then there
is not any relatively strongest weight in A, for DMU,,.

Conversely, if there is not any relatively strongest weight in A, for DMU,, then the optimal objective function
value of Mode/ (13) is equal to n — 1, but if there exists a (U, V)eA. such that (1, V) is relatively strongest weight
in A, for DMU,, then by taking

J1”

{DMU- ..,DMUjp} = {DMU; [je(1, ..., n}&¥'x; > Tty;} (ag).

With p = g.(4,v), and
f = (Ell "'IEO—ll E0+1' ...,En).

With

_ 0 jeljv, -0 ph
t = a
) { 1 je{1, ..,n} — {jy, s py o}.( 7)

(W, v, 1) is an optimal solution for Mode/ (13) and ¥, t; <n —1.

Proof: Let there be a (1, V)eA. such that (T, V) is relatively strongest weight in A, for DMU,, then g.(0,¥) = 1,
so by taking that p = g (11, ¥) with

{DMU;,, .., DMU;, } = {DMU;je(1, ..., n}&vty; > Ty},

We have

0=0,v=0,V'%, = Uy,,V%, >0, —0'y; >0, i=1,..,p.
So by taking

k = min {ﬁtyo, miin{\_lthi — ﬁtyi}},
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We have k > 0 and

0>0,v=0,7%, = 0%,,v%, 2 k¥, —0'y; =k, i=1,..,p.

Thus (4, V,t) is a feasible solution for Mode/ (13) where t is defined by (ag) and (a,), therefore, the optimal
objective function value of Mode/ (13) is less n — 1. Also, since (@i, ¥, ) is an optimal solution for the Mode/

(13),

n—1 _Z]iof] >n—1-— Z]:,:Of]

It follows g (1, ¥) = g.(U, 7). On the other hand, g (&, ¥) < g.(4, V), since (T, V) is relatively strongest weight
in A, for DMU,. Consequently, g.(4,%) = g.(1,¥). Thus (4,V,t) is an optimal solution for Mode/ (13),

and (1, V) is a relatively strongest weight in A, for DMU,. Also, it is easy to show if there is not any relatively
strongest weight in A, for DMU,, then the optimal objective function value of Mode/ (13) is equal to n — 1.

Theorem 10. Let (G, %, T) be an optimal solution for the following model
min Z t,
j#o
vix, — uly, = 0,vix, =1, (14)
s.t. Vi —ulyy+ My =1, j#o, M > 0),
u=0,v=0, tef0,1},j # o,

Where

f = (fll "'ItO—ll t0+1' ...,tn).

If 320t <n —1, then (G, ¥) is a relatively strongest weight in A, for DMU,, but if ¥, {; = n — 1, then there
is not any relatively strongest weight in A, for DMU,,.

Proof: Similar to the proof of Theorens 10.

Corollary 7. Let (§1, ¥, ) be an optimal solution for Mode/ (11), then strictly

~ o~ n z
_gc@¥) _ n-Xj=il
n-1 n-1

Ac-efficiency of DMU,

Proof: Theorem (10).

Corollary 8. DMU, is strongly Ac-efficiency if only if Mode/ (17) has an optimal objective function value of
zero.

Proof: Theoren: (10).

Theorem 11. Let (&1, ¥, t) be an optimal solution for the following model

min Z tj,

j*o
v, — u'y, =0, (15)
s.t. vixj—u'yj+Mtj=¢ j#o, (M > 0),
u=1lg v=1g tje{0,1},j # o,

E = (tl' ---'fo—l'Eo+1r ...,En).
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If Y20t <n—1, then (G, ¥) is a strongest weight in A, for DMU,, but if ¥, = n — 1, then there is not
any strongest weight in A, for DMUj,.

If there is not any strongest weight in A, for DMU,, then the optimal objective function value of Mode/ (17) is
equal to n — 1, but if there is a (T, V)eA, such that (T, ¥) be the strongest weight in A, for DMU,, then (T, 7, 1),
where t is defined by (ag) and (a;), is an optimal solution for Mode/ (17), also Yo t; <n — 1.

Proof: Similar to the proof of Theorem 5, it can be shown that Mode/ (16) is feasible; also proof of the theorem
is similar to the proof of Theorem 7.

Theorem 12. Let (§i, ¥, ) be an optimal solution for the following model

min Z tj,

j*o
v, — u'y, =0, (16)

s.t. vix—uly+ Mg =1, j#o, (M>»0).
u=1, v=1, tje{0,1},j # o.

t= (&g, o, ot Togts s tn)-

If Yo §; < n —1, then (4,9) is a strongest weight in A; for DMU,, but if ¥, §; = n — 1, then there is not any
strongest weight in A, for DMU,,.

The proof is similar to the proof of the Theorem 7.
Theorem 13. DMU, is A -efficient if only if DMU, is CCR-radial efficient.

Proof: Let DMU, be A-efficient, then, by Corllary 2, the optimal objective function value of Mode/ (10) is
zero. Thus letting (U, 7,t) be an optimal solution for Mode/ (10), we have

>0,720, ¥'x, = Uy, = 1,v'x;—u'y; =0, j=1,..,n.

Thus (4, V) is an optimal solution for Mode/ (2). Therefore DMU,, is CCR-radial efficient. Conversely, let DMU,,
be CCR-radial efficient, and let (@i, ¥) be an optimal solution of Mode/ (2), then

i>0,920, %%, = 'y, =1,%;—0'y; =0, j=1,..,n

Thus (T,7,t) where t = 0eR", is a feasible solution for Mode/ (2); therefore, the optimal objective function
value of Model (5) is zero. Hence, by Corollary 2, DMU,, is A.-efficient.

Theorem 14. DMU, is strictly A- efficient if only if DMU, is CCR-efficient.

Proof: Let DMUj, is strictly A¢- efficient. Then, by Corollary 6, the optimal objective function value Mode/ (7) is
zero, thus letting (41, v, t) be an optimal solution for the model, we have

0>1,v=1, 9%, = ', V% —-0y;=0, j=1,..,n

Therefore, since X, and y, are semi-positive, it follows ¥'x, > 0, u'y, > 0. So by taking
k= T'yo(= %), 1= (V). 7 = (/) a = (/).

We have

i>1a ¥21a V%, = by, =10%—dy=0, j=1,..,n
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Thus (8, V) is a feasible solution for Mode/ (4), and since iy, = 1, it follows that the optimal objective function
value of Mode/ (9) is equal to one. Hence, by Corollary 6, DMU,, is CCR—efficient.

Conversely, let DMU,, be CCR~efficient, then, by Theorem 1; there exists some optimal solution (G, V) for Mode/
(4) such that

0>09>0 9%, = 'y, = 1,0 -0 =20, j=1,..,n
Thus, by letting
k = min {miin{vi}, mrin{ﬁr}},ﬁ = (@),

and vV = (‘A’/k). We have k > 0 and

t

<l

=1,

<l

=1,

[=1]]

Xo = U'Y,, V% —Uy;20, j=1,..,n

Therefore (1=1, v, ?), where t = 0eR", is a feasible solution for Mode/ (7); hence, the optimal objective function
value of the model is zero. Consequently, by Corollary 6, DMU,, is strictly A.- efficient.
Theorem 15. DMU, is strongly A- efficient if only if DMUj, is extreme CCR-efficient.
Proof: Let DMU, be strongly A.- efficient. Then, by Corollary 8, the optimal objective function value Mode/ (8)

is zero, thus letting (1, ¥,t) be an optimal solution for the model where

B= (€, Fom1, Torr, o, Tn) = 0€R™TH,

020,20, V'o— Uy, =0,V%2>1, V';—1'y; =1, j=1,..,n

Therefore, by taking

(140, 7 = (/). and « = (1),

k =9%,(=1'y,), i
We have
20, V20, ¥, = iy, = 1,7 —d'y; 2 a(>0), j # o.

Thus (@i, ¥) is an optimal feasible solution for the following model

max uly,,
vix, =1,
t t
s.t. VX~ UYo 20, (16)

t t :
Vx]-—uy]-ZE, ] o0,

u=0, v=0.

Therefore, by the strong duality theorem, the optimal objective function value of Mode/ (5), which is the dual
form of Model (9), is equal to one. Hence, by Theorem 2, DMU, is extreme CCR-efficient. Conversely, if DMU,
is extreme CCR-efficient, then, by Theorens 2 and Corollary 8, DMU,, is strongly A.- efficient.

Theorem 16. Let DMU,, be strongly A.- efficient, then there exists some (1l, V)eA. such that (T, V) is also a
relatively strongest weight in A, for DMU,, and a strongest weight in A, for DMUj,.
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Proof: Suppose DMU, is strongly A.- efficient, then, by Theorem 14, DMUj, is extreme CCR-efficient. Thus, by
Theorem 4, Theorem 3, and Definition 2, it follows that the optimal objective function value of the following
model is one

m S
min 9—8(25{+Zs;’)—£22)\-,
i=1 r=1 j#o

n
)\]‘Xi]' + Si_ = Gxio ,i = 1, ., N,
j=1 a17)

n
+ _ —
ijyr]- —Sf =V, r=1,...,s,
j

—

S.t.

=1
A= 0,s7 20,sf =2 0. forall jforall i,forall r,

Therefore, by strong duality theorem, the optimal objective function value of the following model, which is
the dual form of Mode/ (10), is equal to one

max uly,,
vix, =1,
ty _ ot
.t V%o Yo 20, as)

t t :
VXj—uyj=2€, J#0,

u=1lg v=le
Hence letting (11, V) be an optimal solution for Mode/ (17), we have
0>1e V2 1g Ty, = V%, = 1,V - U'y; = ¢, j#o.

Since (T, , t) where t = 0eR"* is an optimal solution also for Model (8) and for Model (11), it follows (T, ¥) is
also a relatively strongest weight in A, for DMU, and a strongest weight in A, for DMUj,.

4 | Illustrative Example

In this section, we use the data recorded in Table 1 to illustrate how approaches introduced in Section 3
perform. These correspond to 13 DMUs, whose efficiency is assessed using one input and two outputs.

Table 1. Data set.

Input Output1l Output?2

Unit 1 1 1 2.5
Unit2 1 2.5 1
Unit3 1 2.5 4
Unit4 1 3.5 6
Unit5 1 5 35
Unit.6 1 55 2.5
Unit.7 1 7 55
Unit.8 1 7 1
Unit9 1 8 35
Unit.10 1 55 5.75
Unit.11 1 8 4.5
Unit.12 1 1.5 2
Unit.13 1 1.75 6

By using the data set from Table 1, we solve Model (3), Model (4), Model (5) and Mode/ (6) for each DMU. The
results are reported in Table 2. Every model diagnoses efficient units correctly. On the other hand, the

efficiency scores for inefficient units will differ.
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Table 2. Example results.
Eff(2) Eff (4) Eff (5) Eff (7) Eff(9)
Unit 1 0.4166667 0.4166208 0.3846154 0.3076923  0.2500000
Unit 2 0.3125000 0.3124594 0.3846154 0.3076923  0.2500000
Unit3  0.6699029 0.6699029 0.6153846 0.6153846  0.5833333
Unit4  1.0000000 1.0000000 1.0000000 1.0000000  1.0000000
Unit 5 0.6800000 0.6800000 0.6153846 0.6153846  0.5833333
Unit.6  0.6875000 0.6874406 0.6923077 0.6153846  0.5833333
Unit.7  1.0000000  1.0000000  1.0000000  1.0000000  1.0000000
Unit.8  0.8750000 0.8747062 0.8461538 0.7692308  0.7500000
Unit.9  1.0000000  0.9999990 1.0000000 0.9230769  0.9166667
Unit.10  1.0000000  1.0000000  1.0000000  1.0000000  1.0000000
Unit.11  1.0000000  1.0000000  1.0000000  1.0000000  1.0000000
Unit.12  0.3398058 0.3398058 0.2307692  0.2307692  0.1666667
Unit.13  1.0000000  0.9999982  1.0000000  0.9230769  0.9166667

5| Conclusion

In Section 3, we provided models to obtain nonnegative weights for inputs and outputs for the weights, the
number of which DMUs for each one its virtual output does not exceed (is less than, if any) its virtual input
be maximum, provided that for DMU under evaluation, the virtual output will be equal to the virtual input
and the virtual input will be positive. We called these weights the relatively best weight (the relatively strongest
weight, if any) for the DMU under evaluation, and if all the weights were positive, we called them the best
weight (the strongest weight, if any) for the DMU under evaluation. The relatively best weight (the relatively
strongest weight, if any) indicates the normal vector of a surface in the PPS with returns to scale constant
assumption that the DMU under evaluation is on the surface and the maximum number of which DMUs
their performance is no worse than (is better than) the DMU under evaluation separate from the rest of
DMUs. Also in this paper, we presented the relationship between these definitions of efficiency with
efficiency in the DEA models with constant returns to scale assumption. The normal vectors can be applied
as a criterion for efficiency analysis and ranking of a set of peer DMUs with interval scale data. Especially the
relatively strongest weight, both indicate extreme CCR-efficiency and provide a performance measure
DMU,, with interval scale inputs and/or outputs. Also the strongest weight can be applied for ranking extreme
CCR-efficient DMUs and CCR-inefficient DMUs.
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